Deligne has shown that there is an equivalence from the category of ordinary abelian varieties over a finite field A: to a category of Z-modules with additional structure. We translate several geometric notions, including that of a polarization, into Deligne's category of Z-modules. We use Deligne's equivalence to characterize the finite group schemes over k that occur as kernels of polarizations of ordinary abelian varieties in a given isogeny class over k . Our result shows that every isogeny class of simple odd-dimensional ordinary abelian varieties over a finite field contains a principally polarized variety. We use our result to completely characterize the Weil numbers of the isogeny classes of two-dimensional ordinary abelian varieties over a finite field that do not contain principally polarized varieties. We end by exhibiting the Weil numbers of several isogeny classes of absolutely simple four-dimensional ordinary abelian varieties over a finite field that do not contain principally polarized varieties.
Introduction
Every isogeny class of abelian varieties over an algebraically closed field contains a principally polarized variety, but very little is known about what happens over non-algebraically-closed fields. In this paper we consider isogeny classes of ordinary abelian varieties over finite fields, and we give an explicit criterion for deciding whether such an isogeny class contains a principally polarized variety.
Let k be a finite field with q elements and let W be an isogeny class of ordinary abelian varieties over k. For every variety A in *W we let Ra be the subring of End A that is generated over Z by the gth-power Frobenius endomorphism F of A and the Verschiebung endomorphism V = q/F of A. An isogeny A -> B defines an isomorphism Ra -» Rb that identifies the Frobenius endomorphisms of the two varieties, so the ring RA is an invariant of the isogeny class W ; we denote this ring by R% , and we denote its subring Z [F+V] by Rig . Deligne has defined an equivalence from the category of ordinary abelian varieties over k to a certain category of Z-modules with additional structure. In §4 we will use this equivalence to associate to every polarization À. of a variety in ^ a finite ^-module whose module structure determines the finite group scheme kerl (see the last part of §4, from Lemma 4.13 onward); in particular, the rank of kerA is equal to the cardinality of the module associated to k. In §5 we will associate functorially to ? a finite two-torsion group 3 §&) and a homomorphism from the Grothendieck group G{Rp) of finite length i?|,-modules to &(%'). We will define a particular element I<g of 3 §i!W), and at the end of §5 we will prove the following theorem.
(1.1) Theorem. The Jordan-Holder isomorphism classes of the R%-modules that come from polarizations of elements of fê are exactly the Jordan-Holder isomorphism classes that contain R^-modules of the form M ®R+ R%, where M is an Rig-module whose image in ¿%(W) is equal to % . In particular, there is a principally polarized variety in & if and only if I& = 0.
What makes this result useful is that it is possible to calculate the group 3 §{^) and the element % in any specific case, and for isogeny classes of simple varieties we can even give a quite explicit general criterion for deciding whether I<g is zero (see Corollary 11.4) . Loosely speaking, our criterion shows that it is very easy for % to be zero, and in § 11 we will use our criterion to prove the following surprising result.
(1.2) Theorem. Let fê be an isogeny class of simple odd-dimensional ordinary abelian varieties over a finite field. Then there is a principally polarized variety in f.
In § 12 we will consider isogeny classes of two-dimensional ordinary abelian varieties. Every such isogeny class W corresponds via the result of Honda and Täte (reviewed in §3 below) to a polynomial % of the form X4 + aX3 -bX2 + aqX + q2 , where q is the cardinality of the finite field k . In § 12 we will prove the following theorem, which should be compared with the results in [1, §5.4 ].
(1.3) Theorem. Let q be a power of a prime p, let k be a field with q elements, let a and b be integers, and let h = X4 + aX3-bX2 + aqX + q2.
Then h -h<g for an isogeny class W of two-dimensional ordinary abelian varieties over k that does not contain a principally polarized variety if and only if q = a2 + b and b is a positive integer, coprime to q, all of whose prime divisors are 1 modulo 3.
In §13 we will use Theorem 1.3 to prove that except for the isogeny classes, characterized in Theorem 1.3, that do not contain a principally polarized variety, every isogeny class of two-dimensional ordinary abelian varieties over a finite field k contains the Jacobian of a curve over k-this is Theorem 13.3, which extends a theorem of Rück ([16] ).
It is natural to wonder whether there are theorems for arbitrary abelian varieties over a finite field analogous to the results proven in this paper for ordinary abelian varieties. In a forthcoming paper ( [7] ) we will show that a version of Theorem 1.1 does exist for arbitrary abelian varieties over a finite field; the problem is that there is not as yet a method for computing l<g in the general case. However, Theorem 1.2 does generalize to arbitrary abelian varieties over a finite field.
The plan of the present paper is as follows: In §2 we will review the definitions of Grothendieck groups and Chow groups. In §3 we will use the general result of Honda and Täte on isogeny classes of abelian varieties over finite fields ([6] , [19] ) to show that isogeny classes of ordinary abelian varieties over finite fields correspond to polynomials of a certain type; we will call these polynomials ordinary Weil polynomials. In §4 we will recall Deligne's equivalence of categories and we will see how the concept of a polarization translates to his category of Z-modules with extra structure. We will use the results of §4 throughout the rest of the paper. In §5 we will define the obstruction group £%(&) and the obstruction element 7g> of Theorem 1.1, and we will show how the theorem follows from a number of propositions, which we will prove in § §6, 7, and 8. In § §9, 10, and 11 we will show how ¿${W) and I<g can be calculated from the Weil polynomial associated to fê. We will apply the techniques developed in these sections to the case of two-dimensional varieties in §12, where we will prove Theorem 1.3. Finally, in §13 we will use our results to construct the Weil polynomials of isogeny classes of absolutely simple four-dimensional ordinary abelian varieties that do not contain principally polarized varieties.
Conventions and notation. If A and B are varieties over a field k , then when we speak of a morphism from A to B we mean always a morphism defined over k. For instance, if A is an abelian variety over a field k, and if k is an algebraic closure of k, then what we call End A some authors would call Endfc A, and what we call End(^4 xk k) some authors would call End A .
All rings are understood to be commutative with identity unless otherwise noted.
A form from an abelian group M to an abelian group N is a pairing M x M -> N. Most of our nomenclature pertaining to pairings and forms will be standard; thus, for instance, if JR is a ring with an involution rnf and if p is a form from an i?-module M to an i?-module N, then we will say that p is R-sesquilinear if we have p[rl, m) = rp{i , m) = p{£ ,rm) for all r e R and i , m s M. However, we will use one term that may not be so common: If R is a ring with an involution and if p is a form from an Z?-module M to an abelian group N, then we say that p is R-semi-balanced if p{rl, m) = p(£ , rm) for all r e R and i, m e M. We will sometimes omit the R-from terms like R-semi-balanced and R-sesquilinear if the ring is clear from context. Let R be a ring. We say that an A-module M is finite if it has finite length. Let Jf(R) denote the free abelian group on the isomorphism classes of finite A-modules. Let G(R) be the quotient group of JK{R) by the subgroup generated by the expressions M -M' -M" for all exact sequences of Rmodules 0 -> M' -> M -> M" -> 0. We call G(R) the Grothendieck group {of finite length modules) of R. It is not hard to see that G{R) is a free abelian group on the simple i?-modules. For every finite Ä-module M, we let [M]r denote the image of M in G(R). Two Ä-modules M and N are JordanHolder isomorphic if [M] r - [N] r . An element P of G(R) is effective if there is an ^-module M such that P = [M]r . If we write P = J2 n¡[Si]R as a sum of multiples of distinct simple Ä-modules S¡, then P is effective if and only if each n¡ is non-negative. If P and Q are two elements of G(R), we write P > Q if P -Q is effective. The length of P, denoted length(f), is the integer J2 n¡ ■ Clearly, length is a homomorphism from G(R) to Z, and for every finite Ä-module M the length of [M] R is the usual length of M as an -module.
An order is a ring R that has no nilpotent elements and that is free and finitely generated as a Z-module. Let R be an order, and let K be the total quotient ring Q(R) of R, that is, the localization of R at the multiplicative set of non-zero-divisors. The ring K is a finite product of number fields, and R can be viewed as a subset of K. In fact, R is a subring of finite index in &K, the integral closure of Z in K. Conversely, if K is a finite product of number fields and R is a subring of finite index in ¿f# , then R is an order. In this situation we say that R is an order of K, or an order in K . Notice that K is equal to the tensor product R®Q.
Suppose R and S are orders and y/.R -> S is a ring homomorphism. Then S is finitely generated as an .R-module, so every finite 5-module can also be viewed as a finite Ä-module. This gives us a homomorphism from Jf{S) to Jf{R), and since an exact sequence of S-modules is also an exact sequence of i?-modules, we get a homomorphism G{<//), the norm, from G(S) to G(R). One can easily verify that G is a contravariant functor from the category of orders to the category of abelian groups. On the other hand, if M is a finite i?-module then M ®r S is a finite S-module, so the tensor product gives us a homomorphism from J?{R) to Jl[S).
If S is flat over R, then the tensor product takes short exact sequences of Ä-modules to short exact sequences of -modules, so the tensor product induces a homomorphism i//t from G(R) to G(S). If it is clear from context which map y from R to S we are referring to, we will sometimes write N$/r for G(y/). If in addition 5" is flat over R , we will sometimes write ts/R for i//* . Suppose R is an order and let K be the ring Q{R). We define a homomorphism Ptr: K* -> G(R) from the group of units of K to G(R) as follows: Given an x e K*, we write x = a/b for some non-zero-divisors a and b in R and we define Ptr(x) to be [R/aR]R -[R/bR]R . It is easy to check that Pr# is well-defined. The elements of G(R) in the image of Ptr are called principal elements. The Chow group of R , denoted Ch(R), is the group G(R)/ PrR(K*), the cokernel of Ptr .
Then L is a locally free A^-module of finite rank, and since K -]!,<=/ K¡ is a product of fields we can write L = Yli€l L¡ as a product of /^/-algebras. This gives us a norm map NL/K from L to K defined by sending an element x of L to the element of K which on each factor K¡ is the determinant of the endomorphism of L¡ obtained by restriction from the multiplication-by-x endomorphism of L. The norm of a unit of L is a unit of K, and we have the following well-known lemma.
(2.1) Lemma. In the above notation, NS/R(Pts(x)) -Ptr(NL/K(x)) for every unit x of L.
Proof. First of all, we need only prove the statement of the lemma for x e L* such that x £ S and NL/K{x) e R, since these x generate L*. For such x, the statement of the lemma is that To prove this equality it will be enough to prove the corresponding equality for every localization of A, so pick a prime p of A and replace A and B with their localizations at p. Now A is a regular local ring and hence a principal ideal domain, and B is a finitely generated free ^-module. Our equality now follows from [18, §1.5, Lemma 3, p. 17]. D Lemma 2.1 shows that the norm from G(S) to G{R) induces a homomorphism from Ch(S') to Ch(R) which we will again call the norm and denote by Ch(y/). Thus Ch is a contravariant functor from the category of orders to the category of abelian groups.
Suppose R is an order and let K = Q{R). Let K0 be the subgroup of K* consisting of elements x € K* such that (p{x) > 0 for all ring homomorphisms <p: K -> R from K to the real numbers. The narrow Chow group of R, denoted Ch+(Ä), is the group G(R)/Pr(K0), the cokernel of Pr|^0. Lemma 2.1 shows that Ch+ gives a contravariant functor from the category of orders to the category of abelian groups.
An order R is totally real if every ring homomorphism from R to the complex numbers maps R into the real numbers. An order R is totally imaginary if there is no ring homomorphism from R to the real numbers. Notice that if R is a totally imaginary order then K0 = K*, so that Ch+{R) = Ch(R). A CM-field is a totally imaginary quadratic extension of a totally real number field. An order R is a CM-order if Q{R) is a product of CM-fields. If AT is a product of CM-fields, let K+ denote the product of the maximal real subfields of the factors of K ; we view K+ as a subset of K. Given a CM-order R, let R+ denote the intersection of R with Q(R)+ ; the order R+ is totally real.
We end this section with a simple example.
(2.2) Example. Suppose AT is a totally real subfield of a totally imaginary field L. Then Ch(^) = C1(L), the ideal class group of L, and Ch+(d^) = Cl+(K), the narrow class group of K . The norm from Ch(^L) to Ch+(^) is the usual norm of ideal class groups.
Isogeny classes of ordinary abelian varieties over finite fields
Suppose k is a finite field with q elements. If A is an abelian variety over k, we denote by hA the characteristic polynomial in Z[X] of the Frobenius endomorphism of A . The degree of the polynomial hA is twice the dimension of A, and Weil's theorem for curves says that every complex root of hA is a Weil q-number, that is, an algebraic integer n such that |p(7t)| = qxl2 for every embedding q> of Q(n) into C. The theorem of Honda and Täte (see [6] , [19] ) says that the map that sends a simple abelian variety A over k to the set of complex roots of hj induces a bijection between the set of isogeny classes of simple abelian varieties over k and the set of Galois conjugacy classes of Weil ^-numbers. In this section we will state a slight variant of the HondaTate theorem that works only for ordinary abelian varieties. We begin with two definitions.
(3.1) Definition (see [3, §2] ). Let q be a power of a prime number p , let k be a field with q elements, and let k be an algebraic closure of k . A g-dimensional abelian variety A over k is ordinary if the following equivalent conditions are satisfied:
(a) A has exactly pg points over k of order dividing p . From these definitions we see that if A is an ordinary abelian variety over F?, then hA is an ordinary Weil (¡"-polynomial. In fact, all ordinary Weil qpolynomials arise in this way.
(3.3) Theorem (Honda-Tate for ordinary varieties). Let q be a power of a prime number p and let k be a field with q elements. The map that sends an ordinary abelian variety A over k to the polynomial hA induces a bijection between the set of isogeny classes of ordinary abelian varieties over k and the set of ordinary Weil q-polynomials. Under this bijection, isogeny classes of simple ordinary abelian varieties correspond to irreducible ordinary Weil q-polynomials.
Proof. This theorem follows easily from the standard Honda is an ordinary Weil q-polynomial. Then X2gh(q/X) -qgh(X); we have a^ = q8, and for i = I, ... , g we have a¡ = q8~la2g-,.
Proof. If h had a real root then it would have a Q-irreducible factor of the form X ± q1/2 or X2 -q, depending on whether or not q1/2 is an integer, and no ordinary Weil ^-polynomial can have such a factor. Thus h factors over R as a product of polynomials of the form X2 -tX + q, so we have ao = q8. Since the complex roots of h all have magnitude qll2, it follows that X2gh(q/X) = a0h(X) = q8h(X). The statement about the symmetry of the coefficients of h follows immediately from this equality. D
Ordinary abelian varieties over finite fields
In the previous section we presented a slight variant of the theorem of Honda and Täte that provides a simple description of isogeny classes of ordinary abelian varieties over a finite field. The result of Deligne presented in [3] can be viewed as an extension of this variant of the Honda-Tate theorem: For every ordinary abelian variety in an isogeny class corresponding via Theorem 3.3 to an ordinary Weil polynomial h, Deligne provides a finitely generated free Z-module and an endomorphism of the module having characteristic polynomial h . In fact, Deligne shows that the category of ordinary abelian varieties over F, is equivalent to a category 5Cq whose objects are finitely generated free Z-modules provided with an endomorphism having certain properties. In this section, we will review the results of [3] and see how the concept of a polarization can be expressed in the category Jz^ . We begin by defining the category -9" i • (4.1) Definition. If q is a power of a prime p, let Jz^ be the category of pairs (T, F) where T is a finitely generated free Z-module and F is an endomorphism of T satisfying the following conditions:
(a) The endomorphism F®Q of T<8>Q is semi-simple, and its eigenvalues in C have magnitude qxl2 . (b) At least half of the roots of the characteristic polynomial of F in Qp , counting multiplicities, are p-adic units. (c) There is an endomorphism V of T such that FV -q .
A morphism from (T, F) to (T', F') is a homomorphism y/: T -> T' of Z-modules such that y/ o F = F' o \¡¡.
We refer to the objects of SCq as Deligne q-modules, or as Deligne modules, if q is clear from context. If B is a Deligne module, then B consists of a Z-module and an endomorphism; we let TB denote the module, and Fr the endomorphism. We will write VB for the endomorphism q/Fr . It follows from the definition that TB has even rank as a Z-module and that exactly half of the roots of the characteristic polynomial of F in Qp , counting multiplicities, are Deligne's theorem says that the category of ordinary abelian varieties over Fq is equivalent to the category S?q. To describe the functor providing the equivalence, we need to set some_notation. Let q be a power of a prime p , let k be a field with q elements, let k be an algebraic closure of k , let W = W(k) be the ring of Witt vectors over A:, let s: W <-* C be an embedding of W into the complex numbers, let v be the p-aàic valuation on Q c C obtained from e, and let Z(l) be the subgroup 27r/Z of C. If G is an abelian group, then for every positive integer m we denote by G[m] the w-torsion of G, and for every prime Í we denote by Te(G) the ¿-adic Täte module of G; that is, T ( Proof. See [3, Proposition, p. 242] . D Suppose B is a Deligne module. We say that B is simple if FB<giQ is a simple endomorphism of Tr ® Q. If C is also a Deligne module and y/:B->C is a morphism, we say that y/ is an isogeny if y/ ® Q is an isomorphism between TB <g> Q and Tc ® Q. It is easy to see that under Deligne's functor simple ordinary abelian varieties correspond to simple Deligne modules and isogenies correspond to isogenies.
There are three other concepts from the category of ordinary abelian varieties that we would like to translate into the category Jz^ . These are the concepts of the dual of a variety, of polarizations of a variety, and of kernels of isogenies between varieties. [3] we know that for every prime £ ^ p, when we tensor e with Zt, identify Z(l) <g> Zt with Tt(C*), and reduce from the Witt vectors to k, we obtain the Weil pairing ee:T{(A) x Te(A) -> T¿(k ). The Weil pairing is Galois invariant, so that if a is the Frobenius automorphism of k/k we have et(ax, ay) = et(x,y)q . Since for A:-valued points x of A we have ax = Frob(x), we see that the pairing e must satisfy e(F(A)s, F(Â)t) = q-e(s,t) for all s e T(A) and t e T(A). From this we see that e(s, F(A)t) = e(V(A)s, t). Thus the pairing e provides an isomorphism between (T(Â), F (A)) and the dual of (T(A), F (A)). D
Our next task is to translate the notion of a polarization into the language of the category Jz^ . Recall that a polarization of an abelian variety A is an isogeny from A to A that in a certain sense comes from an ample invertible sheaf (see [11, §13] ). Over the complex numbers, this condition on the isogeny boils down to the condition that a certain bilinear form be a non-degenerate alternating Riemann form. It is the latter criterion that allows us to determine the correct definition of a polarization of an element of Jz^ . We begin by setting some notation that we will use throughout the rest of the paper. [19] , or from [20, Proposition 7.1, p. 553] , that K is a product of CM-fields, and clearly R is an order in K. The involution -of K that is complex conjugation on each of the factors of K interchanges F and V . Recall that our choice of an embedding e: W(k) ■-> C gave us a p-adic valuation v on Q c C ; this valuation provides K with some additional structure. Namely, we let
3> is a CM-type of K-that is, O is a set of half of all the ring homomorphisms from K to C, no two of which are complex conjugates. Notice that <I> depends on our choice of e . we see that an isogeny from Ac to its dual corresponds to a non-degenerate C-semi-balanced form E: 7r x 7r -» R such that E(T, T) c Z. There is a bijection between the set of such E and the set of non-degenerate sesquilinear forms H: TR x TR -► C with H(T x T) c R + iZ, given by sending z form E to the form H defined by H(x, y) = E(ix, y) + iE(x, y). We know from [15, §3] that the isogeny ßc from Ac to Ac is a polarization if and only if its associated form H is a Riemann form, which means by definition that in addition to having the property that H(TxT) cR + iZ, the form H must also be a positive definite Hermitian form. Equivalently, E must be an alternating Riemann form, which means by definition that in addition to satisfying the requirement that E(T x T) c Z, the form E must be alternating and have the property that the form (x, y) h-> E(ix, y) be symmetric and positive definite.
The fact that ties all of the above information to our definition of a polarization of a Deligne module is that the non-degenerate C-semi-balanced form E associated to ß is the non-degenerate Ä-semi-balanced form b associated to k, tensored with R ; this follows from the definition of k in terms of ß, found in [3] . Let S be the sesquilinear form associated to k. Using the facts that E = b <8> R and that b <g> Q = Tr^Q oS, we can write E as the composition (1) r"xrRJ^i8R^cJ^R, Suppose that ß is a polarization, so that E is an alternating Riemann form. We would like to show that S satisfies the conditions of Definition 4.8. First, since E(t, t) = 0 for all / e Tq and since E = b ® R, we have b(t, t) -0 for all t £ Tq. Then for all s and / in Tq we have TrK/Q(S(s, t) + W77)) = TrK/Q(S(s, t) + S(t, s)) = b(s + t, s + t) -b(s, s) -b(t, t) = 0, so that the sesquilinear form (s, t) >-> S(s, t) + S(t, s) on Tq is not surjective on any factor of the product of fields K, and is therefore identically zero. This shows that S is skew-Hermitian.
Let <p be an element of (¡>B . The weak approximation theorem from number theory asserts that we can find a sequence {a,} of elements of K+ such that if y/ is an element of <¡>r , then lim_/_>00 y/(atj) is 0 if y/ J= y> and is 1 if y/ -<p . Then for every t e Tq we have 2Re(iy>(S(t, t))) = Tr/ lim ®(a2S(t, t)) = lim Tr/<D(S(ayí, a¡t)) j-*oo j-*oo = lim Tr iC(ctjt, ají) = lim Tr C(iajt, otjt)
so that f(S(t, t)) is negative imaginary or zero. This is true for all <p e Q>r , so that 5(i, /) is O-non-positive. Thus S satisfies the second condition of Definition 4.8, so that if /¿ is a polarization of A , then A is a polarization of B.
On the other hand, suppose A is a polarization of B, so that 5 is a skewHermitian form such that S(t, t) is <I>-non-positive for all t e T. Let E and H be the forms on 7r obtained from ß as above; we would like to show that H is a Riemann form. An easy calculation using the sequence ( 1 ) shows that for all t in 7q we have E(t, t) = 0, and that the pairing from 7q to R given by (s, t) *-> E(is, t) is a positive semi-definite symmetric form. By continuity, we see that for all t e Tr we have E(t, t) = 0, and that the pairing from Tr to R given by (s, t) h-> E(is, t) is also symmetric and positive semi-definite. Thus H is a positive semi-definite Hermitian form, and we will be done if we can show that H is actually definite.
By [17, Theorem 7.6.3, p. 259] we can find a basis {xi, ... , x^} for the C-vector space Tr whose elements are pairwise orthogonal with respect to H . Since ß is an isogeny, H is non-degenerate, so for each i = 1,.-.., g we must have H(x¡, x,) > 0. From this fact it follows easily that H is positive definite, so H is a non-degenerate Riemann form and ß is a polarization. D (4.10) Remark. Suppose k:B->B is an isogeny with associated semi-balanced form b and suppose / is a «^-positive element of RB . Using ideas from the proof of Proposition 4.9, one can show that A is a polarization if and only if b is alternating and the form (x, y) >-» b(ix, y) on Rr is symmetric and positive definite. Thus one could take these latter conditions to be the definition of a polarization of a Deligne module. The advantage of this alternate definition is that it is reminiscent of the definition of an alternating Riemann form on a lattice in a complex vector space. The disadvantage is that it is not immediately clear that the definition is independent of the element /.
We will see that the ring RA is an important invariant of a Deligne module A. In fact, RA is an isogeny invariant, because if A and B are Deligne modules, an isogeny from A to B gives us an isomorphism from RA to RB that takes FA to FB and VA to VB . Thus the following definition makes sense.
(4.11) Definition. Let W be an isogeny class of Deligne modules, and let A be an element of £P. Define R<g to be the ring RA , and define elements F<$ and V<g of R% by taking them to be FA and VA . Define K<% to be the product of fields R%> <8>Q.
Later in this section we will require the following simple lemma about the rings R<g . Further information about these rings can be found in §9. Proof. Let R = R<g-, let F = F<# , let V = V<g , let g be the dimension of the Deligne modules in £P, and let h be the ordinary Weil ¿/-polynomial corresponding via Theorems 3.3 and 4.2 to fê. Then h is the characteristic polynomial of F, so h(F) = 0. We may interpret this equality as an identity in K = R <g> Q, and by dividing the equality by Fg and using the relations among the coefficients of h given in Proposition 3.4, we see that the middle coefficient ag of h can be written as a Z-linear combination of powers of F and V = q/F. Thus, ag is an element of the ideal of R generated by F and V, and since this ideal also contains q = F V, it contains 1 as well, because ag is coprime to q. In other words, F and V generate the unit ideal of R . D
Our final task in this section is to show how the group-scheme structure of the kernel of an isogeny of ordinary abelian varieties over a finite field can be determined from properties of the corresponding isogeny of Deligne modules.
For the rest of the section, let q be a power of a prime p , let k be a finite field with q elements, let k be an algebraic closure of k , let ß\ C -► D be an isogeny of ordinary abelian varieties over k , and let k: A -> B be the isogeny of Deligne modules corresponding to ß. Let T -TA and let U = TB . Let W be the isogeny class of Deligne modules containing A and B, let R = R<% , let K = K<g , let F = F<% , and let V = V<% . From the isogeny k we obtain an isomorphism Aq = k <g> Q of the A^-modules Tq -T <g> Q and £/q = U <g> Q, and we also get an i?-module homomorphism 1q/Z from Tq¡z = T ® (Q/Z) to Uq/z = U ® (Q/Z). The kernel of Aq/Z is equal to kQX(U)/T, and is an i?-module of finite cardinality. Proof. The lemma follows immediately from Lemma 4.12 and the fact that FV = q. D Let a be the c7th-power-raising automorphism of k/k, so that the Galois group Ga\(k/k) is freely generated as a profinite group by a. Suppose M is a finite abelian group and a is an automorphism of M. We construct a finite commutative group scheme G/k as follows: Let G be the constant group scheme over &_whose group is isomorphic to M. Let a act on G by permuting the points of G via the action of a, and extend this action by continuity to all of Gal(kfk). Then let G be the group scheme obtained from G and this action of Gal(kfk) by Weil descent. We briefly summarize this procedure by saying that G is the group scheme over k obtained from M by descending via the action of a .
Before we state the next proposition we need to introduce a duality on the category of finite Ä-modules. If M is a finite i?-module, we let M be the /?-module that is equal to Hom(M, Q/Z) as an abelian group and where the actions of F and V are given by (Fy/)(m) = y/(Vm) and (Vy/)(m) = y/(Fm) for all y/ € M and all m e M.
(4.14) Proposition. Let notation be as above, and let Mrr, Mrl, and Mir be as in Lemma 4.13. Let Grr (respectively, Gri ) be the group scheme over k obtained from Mrr (respectively, Mre ) by descending via the action of F, and let G(r be the Cartier dual of the group scheme over k obtained from Mlr by descending via the action of F. Then ker ß is isomorphic as a group scheme over k to the group scheme Grr x Gre x Ger.
Proof. Let /Z: C -► D be the isogeny of ordinary abelian varieties over k obtained from ß:C -> D by base extension. The arguments in [3, § §3 and 4] show that the kernel of Ji is isomorphic to the product of the constant group scheme Mrr®Mrl with the Cartier dual of the constant group scheme Mlr over k . Because ß is a A:-isogeny, the Galois group Ga\(k/k) acts on the kernel of Ji. On Mrr and Mr¿, the action of Ga\(k/k) is simply the action defined by letting a act as F , while on the Cartier dual of Mir the action is the dual of the action of Gal(k/k) on Mlr defined by letting a act as F. Since taking duals commutes with descent, we get the proposition. D (4.15) Remark. The group scheme G" is the reduced-reduced part of ker/z, that is, the largest factor of ker ß that is reduced and that has a reduced dual. Likewise, Gre is the reduced-local part of ker//, and GV is the local-reduced part of ker/i. 
Kernels of polarizations of ordinary abelian varieties in a given isogeny class
Suppose W is an isogeny class of ordinary abelian varieties over a finite field k. We will call a finite group scheme G over k attainable in W if there is a polarization of a variety in W whose kernel is isomorphic to G . Similarly, if W is an isogeny class of Deligne modules and if M is a finite /?^-module, we will call both M and its class in the Grothendieck group G(R^) attainable in £f if there is a polarization k of a Deligne module in W suchthat kerAg/Z is isomorphic as an jR^-module to M. In this section we will prove Theorem 1.1, which describes up to Jordan-Holder isomorphism the group schemes attainable in an isogeny class of ordinary abelian varieties. The results of §4 show that to prove this theorem it will be enough for us to prove the corresponding result for Deligne modules. This Deligne module result (Theorem 5.6 below) describes the elements of G(R&) that are attainable in a given isogeny class £f of Deligne modules in terms of an obstruction group &(W) and a particular element 1% of that group. We begin by defining Sêifë) and % .
If R is a CM-order, let âê(R) be the cokernel of the norm map from C\\(R)
to Ch+(i?+). If y/:R-+S is a morphism of CM-orders, let y/+ be the induced map from R+ to S+ . The map Ch+(y/+) induces a map ¿@(yi) from 38(S) to 3 §(R), and ¿% is a contravariant functor from the category of CM-orders to the category of abelian groups. We will usually write y/* for 3 §(y/). If î s an isogeny class of Deligne modules we define ^(g7) to be 3 §(R<%). We will see in §10 that &(&) is a finite group annihilated by 2 .
We will need a lemma in order to define the element % .
(5.1) Lemma. Let E be an algebraic number field with ring of integers A, let K be a quadratic extension of E, let B be the ring of integers of K, let Dk be the different of K/Q, and let a be the non-trivial automorphism of K that fixes E. Suppose x e K satisfies ax = -x. Then there is a fractional ideal a of A such that xDjt = aB. Proof. Let Uk/e be the relative different of K/E and let VE be the different of E/Q, so that Ö* = î>k/e?>e ■ Let AK/E be the discriminant of K/E and let A* be the discriminant of the ^-lattice A © Ax in K . We know from [5, §3, Proposition 4(iii), p. 12] that Ax = 4x2, and part (i) of the same proposition tells us that there is a fractional ideal b of A such that AK/E = b2Ax = 4x2b2 . Since K/E is quadratic we have AK/EB = ôK,E , so multiplying the previous equality by x2B gives (xSk/e)2 = (2x2bB)2. Thus, xôK/E = 2x2bÄ and xôK = 2x2bôEB . Taking a = 2x2bSE , we are done. D (5.3) Notation. Let q be a power of a prime number p and choose an embedding e: ^(E,) ^C of the ring of Witt vectors over Fq into C. If W is an isogeny class of Deligne 67-modules, we write W -rj/e/ % as a product of simple isogeny classes. We also write 5? = n_/ey ^f' as a product of powers of distinct simple isogeny classes, where / is a subset of the index set / . Let R = R<# , let K = Ktf , and let rf be the integral closure of Z in K . For each i € / let R¡ = R¿? , let K, = K#., and let ¿f, be the ring of integers of K¡. gives us a p-adic valuation on Q c C, which, as in §4, gives us a CM-type O, of Kj. For each i e / there is a unique j e J with W¿ = Wj ; let n¡: R -> R¡ be the composition of the projection R -> .R, and the identification Ä; = /?,, and let p¡ be the composition of 7t, and the inclusion R¡ c ¿f,. It appears from the definition that I<g depends on our choice of the embedding e, but we shall see in § 11 that it does not.
(5.5) Lemma. Let fê be an isogeny class of Deligne modules. Then R& is a free R^-module of rank two, generated by 1 and F<g .
Proof. This follows from the facts that R% = R^ [F^] , that Fg> is quadratic over R^,, and that for every minimal prime p of R%> the image of F<g in Rw/p is quadratic over the image of i?J . D
In particular, if R = R<g then R is flat over R+ , so there is a tensoring map ÍR/R+ from G(R+) to G(R). This is the last fact that we need in order to state the main theorem.
(5.6) Theorem. Let W be an isogeny class of Deligne modules, let R = R^, and let P be an element of G(R). Then P is attainable if and only if P = ír/r+ (P1) for some effective P' in G(R^) whose image in J?(£?) is equal to 1%. In particular, there is a principally polarized Deligne module in fê if and only if % = 0.
To prove Theorem 5.6 we will need to use several propositions. We will state these propositions and some attendant definitions and comments in this section, but we will postpone the proofs of the propositions until later sections.
A simple Deligne module A is maximal if its endomorphism ring is the maximal order of KA . Let ^ be a simple isogeny class of Deligne modules and let R = R&. An Ä-module M is strongly attainable in W if there is a maximal A in W and a polarization k of A such that ker¿Q/Z and M are isomorphic as i?-modules. Maximal Deligne modules are particularly easy to study because their endomorphism rings are Dedekind domains, and kernels of polarizations of maximal Deligne modules are modules over Dedekind domains, as we shall see in §6. The first proposition we will need in the proof of Theorem 5.6 tells us exactly which i?-modules are strongly attainable. The next proposition tells us how we can obtain information about attainable P G G(R) from strongly attainable modules. It is at this point that we are forced to move to Jordan-Holder isomorphism classes of modules.
(5.8) Proposition. Let W be an isogeny class of Deligne modules and let notation be as in Notation 5.3. Let P be an element of G(R). Then P is attainable if and only if P is effective and P = Q + Q + ]Cie/[M]/< for some Q e G(R) and some strongly attainable R¡-modules M¡.
The last proposition we will need in the proof of Theorem 5.6 tells us that certain norm maps and tensor maps commute. 16/ Let P' be the element NR/R+(Q) + £,e/ N<?;/r+{Q¡) of G(R+). Then P = tR/R+(P') and the image of P' in ¿g(R) is equal to Z)/6//>*(/*,-,«dJ -Iw > as claimed. Also, P' must be effective since P is.
Next we prove the "if part of the theorem. Suppose P = ír/r+(P') for some effective P' e G(R+) whose image in 3 §(R) is I&. For each / let a, be an ideal of &¡+ such that <^+/a, maps to IK¡ ,<d, in 3 §(@i). Since P' and E,-e/[^i+/a']/?+ Dotn maP t0 h in &(R) » there must be a Q e G(R) and a totally positive x e K+ such that To prove Proposition 7.1, we will need two lemmas. Proof. We begin by noting that for any x e V , to show that the subspace k • x is isotropic it suffices to check that b(x, ax) = 0 for all a e k . Suppose ~~ is the identity map. Then we claim that every one-dimensional subspace of V is isotropic. We prove this first in the case that char(A:) ^ 2. Let x be any non-zero element of V and let a e k . Then
where the second and the third equalities follow from that assumptions that b is alternating and semi-balanced, respectively. But every element of k is of the form 2a, so the one-dimensional subspace generated by x is isotropic. The case char(fc) = 2 is even simpler, because finite fields are perfect: Given any a e k , there is a ß £ k with a = ß2, so that for every x e V we have b(x, ax) = b(x, ß2x) = b(ßx, ßx) = 0 because b is alternating. Again we see that the subspace generated by x is isotropic. Thus we can restrict our attention to the case where -is not the identity. Let k+ be the fixed field of -. Let W be any one-dimensional subspace of Let S1 be any non-zero simple /{-module with ß > [S']r (such an S' exists because 2 • length(ß) = m > 0). We claim that there is an isotropic sub-/{-module S of M that is isomorphic to S'. We prove this as follows:
Let m c R be the maximal ideal of R that annihilates 5" . Since S' occurs in the composition series for M, the m-torsion T of M is non-zero. The module T is a vector space over the field k = R/m, which is finite because #M is finite.
If m ^ m then let S be any one-dimensional sub-k-vector space of T. By Lemma 7.2, the pairing b\sxs must be trivial, so that S is an isotropic sub-/{-module of M that is isomorphic to 5" . We are left with the case when m = m ; in this case, the involution -induces an involution on k .
If dim^(r) > 1, then by Lemma 7.3 there is a one-dimensional isotropic subspace W of T, and we can take S -W . We are left with the case where dimk(T) = 1 .
Let U be the m-power torsion of M and let c -b\u*u • We see that T is the unique minimal non-zero sub-/{-module of U. Also, since m = ña and since [M]R = P + Q + Q, the simple /{-module k must occur at least twice in the list of composition factors of M ; thus, we have lengthR(C/) > 2, and in particular T ^ U . Since T / U , we have Annc(T) / 0 , so that Armc(T) D T. Therefore, S = T is an isotropic sub-/{-module of M that is isomorphic to S', and we have proven our claim. This shows that M is attainable.
To prove the "only if direction, we choose a Deligne module B = (U, F) in W and a polarization ß of B so that M = ker(/¿ ® (Q/Z)). Let c be the semi-balanced form associated to ß , and let S be the AT-sesquilinear form on Uq associated to ß. The decomposition of K into the product Yljçj K] gives us a decomposition of Uq into a product YljeJ U¡, where each U¡ is a vector space over Kj of dimension e7-, where the e¡ are as in Notation 5.3. By [17, Theorem 7.6.3, p. 259], we can find a basis for each U¡ whose elements are pairwise orthogonal with respect to the sesquilinear form S\v¡. The union of these bases is a set {x/},6/ that generates Uq as a AT-module, and the x, are pairwise orthogonal under S. By reindexing the x, if necessary, we can assume that for each i e I, if j is the unique element of J such that % = %■, then K • x, = Kj • Xj, so that K • x, is a one-dimensional vector space over Kj = K¡. By replacing the x¡ by rational integer multiples, if necessary, we may assume that @k • *i c U. Let T be the sublattice 2~Z,g/ &k ' x> °f ^ > and f°r each i £ I let Ti = <fK -x¡ and let F¡ be the restriction of F to T¡. Let A = (T, F) and for each i let A¡ = (7|, F,-), so that A = YlieI A¡. For each i, the Deligne module A¡ is in the isogeny class %, and since its endomorphism ring is the ring of integers of K¡, it is maximal.
Since T c U, the image of TxT under c is contained in Z. Let b:TxT -> Z be the restriction of c to TxT, and let A be the polarization associated to b .
For each i e I let ¿, be the restriction of b to T¡, let 5,: (T,■ ® Q) x (7/ <8>Q) -► AT, be the associated sesquilinear form, and let k¡:Ai -* A¡ be the associated isogeny. The form S on Tq is the orthogonal sum of the S,, so it is clear that the S¡ satisfy the conditions of Definition 4.8. Thus, the A, are polarizations. there must be a ß G G(R) such that M = P + Q + Q. If we replace ß with -ß we find that P = Q + Q + ^ie¡[Mi]R , as was to be shown. Next we prove the "if part of the proposition. Suppose P e G(R) is effective and there are strongly attainable /{/-modules M¡ and a ß 6 G(R) with P = Q+Q+Y,iei[M']R ■ For each i there is an cf+-ideal a, suchthat M¡ S^/a,^.
Choose an x e ¿f such that ß < Pr^(x) and choose elements x, of the ¿f; suchthat \@lx<9\0 = £/e/[^*,^k ■ Replace ß with ß -PrÄ(x) and replace each M¿ with ^,/x/X/O/i^ . Then we still have P = Q + Q + J2í€i[M¡]r , and by Proposition 5.7 each M¡ is still strongly attainable because X/X, is a totally positive element of <f+ . However, we also have ß < 0, so that P < EieiWih ■ To prove Proposition 5.9 we will need two lemmas. Proof. The point here is that R is a free R+-module of rank two generated by 1 and F, by Lemma 5.5. Thus, R ®r+ tf+ is a free rank two (f+-module, generated by 1 <8> 1 and F ® 1. Now, the image of F ® 1 in (f is not contained in (f+, because R is totally imaginary and ¿f+ is totally real, and in fact 1 and the image of F ® 1 are linearly independent over K+ = cf+ ® Q. Thus, R ®r+ <f+ injects into cf. Also, its image is the subring of cf generated by cf+ and the image of R, which is an order of @ and which therefore has finite index in cf. D
Proof of Proposition 5.9. First we note that & is a flat ¿f+-module and that R is a flat /{+-module, by Lemma 5.5. Then we simply apply Lemmas 8.2 and 8.1. D
The ring associated to an isogeny class
If we want to apply Theorem 5.6 to an actual isogeny class 'W of Deligne modules whose corresponding Weil polynomial h is given to us, we must somehow find a way to compute the group ¿$(W) and the element % from the polynomial h . In § §10 and 11 we will show how we can calculate ¿%(W) and % if we know enough about the rings R<g and Rp . In particular, we will need to know about the singular primes of the ring R%? and about how the CM-fields that occur in the product of fields K<g ramify over their maximal real subfields. Thus it will be important for us to be able to calculate the discriminants of the Z-algebras R% and /{J. In this section we will give formulas for these discriminants in terms of the coefficients of the polynomial h . The proofs of the results in this section are mainly computational; we will either omit them or give brief outlines.
Let if and h be as above. Let u be the radical of h , that is, the product of all of the monic Q-irreducible factors of h , each taken once. The polynomial u is an ordinary Weil ¿¡»-polynomial. Let 2« be the degree of u, and write u = X2n + b2n-iX2n-l+---+ biX + bo. Let R = Rw , let F = Fw , let V = %, and let K be the product of CM-fields K<g . The ring homomorphism y> from A to R that takes X to F and Y to V induces an isomorphism between A/a and R.
The proof is left to the reader. Again, the proof is left to the reader.
(9.3) Remark. For every integer / > 0 let T¡ denote the fth Chebyshev polynomial, defined by T¡(X) = cos(/cos_1 X). Let ?, denote the polynomial 2q'l2Ti(X/2-Jq). It is not hard to show that t¡ has integer coefficients and that F' + V -tj(F + V). Let 5 be the polynomial given in Proposition 9.1. It follows easily from the fact that s(F, V) = 0 that the minimal polynomial of F + V is equal to t = t" + b2n-\tn-\ +-r-¿>"+l/l +bn.
Thus, the order R+ is isomorphic to the ring Z[X]/(t), and in particular the discriminant of R+ is equal to the discriminant of the polynomial /.
(9.4) Proposition. We have AR = (-1)"A2 + • NK/Q(F -V).
Proof. We will only sketch a proof. The idea is that the ring R can be built up in two steps from the ring Z : First one adjoins to Z a root of the monic polynomial / from Remark 9.3 to obtain R+, and then one adjoins to R+ a root of the monic polynomial X2 -(F + V)X + q to obtain R. One can show that the trace dual of R+ with respect to Z is (t'(F + V))~lR+ , where t' denotes the derivative of t. Similarly, the trace dual of R with respect to R+ can be shown to be (F -V)~lR. Thus the trace dual of R with respect to Z is ((F -V)t'(F + V))~lR . The absolute value of the discriminant of a Z-algebra S is the index of S in its trace dual, so \AR\ = \Ar+\2-\NK/q(F-V)\ . If we keep track of the signs of the expressions in the last equality, we get the statement of the proposition. D
We are left with the task of calculating NK/q(F -V).
The following proposition shows us how we may do this. here b2" = 1. Furthermore, if n is even, say n = 2m, then
Proof. Let / be the minimal polynomial of F2, so that NK/q(ü -F2) = f(a) for all a e Q. Since dimQA" is even we have NK/q(F2 -q) = NK/Q(q -F2), so we find that Nk,q(F -V) = Nk/q(F2 -q)/NK/Q(F) = f(q)/qn.
If we write / in terms of the coefficients of the minimal polynomial u of F , we find that this last equality is equality (2). When n is even, the equality (3) follows from Proposition 3.4 and the equality (2). The verification of this last statement is left to the reader. D
We will use Propositions 9.4 and 9.5 in the examples of § §10 and 13.
Calculation of the obstruction group
Suppose ^ is an isogeny class of Deligne modules corresponding to an ordinary Weil polynomial h . In the previous section we gave a concrete description of the rings R% and Rig in terms of the polynomial h , and we showed how one can calculate the discriminant of R% . Using this information, we can find the singular primes of R<g . In this section we will show how knowledge of these singular primes and of the ramification behavior of the CM-fields occurring in K%> enables us to calculate the group ¿$(W).
First we note in passing that if R is a CM-order that is locally free of rank 2 over R+ then â §(R) is a vector space over F2, because if 5 is a simple R+-module then [S ® R]R+ = 2[S]R+ . For instance, 3 §(R) is an F2-vector space
H when R is the integral closure of Z in a product of CM-fields, and also when R = Reg for an isogeny class fê of Deligne modules, by Lemma 5.5.
Our first proposition tells us how to calculate ¿%(R) in the simplest possible case, when R is the ring of integers of a CM-field.
(10.1) Proposition. Let @ be the ring of integers of a CM-field K. Then 0 ifK/K+ is ramified at a finite prime; Ga\(K/K+) ifnot.
In the second case, the isomorphism is provided by the Artin map.
Proof. Here we use the facts that Ch(¿f ) = C1(A") and Ch+(¿f+) = C\+(K+), and the fact that the norm between the Chow groups corresponds to the ideal norm under this identification, to write &(<9) = Cl+(K+)/N(Cl(K)).
Let L be the ray class field, modulo the infinite primes, of K+ ; thus L is the maximal abelian extension of K+ ramified at most at the infinite primes. Let M be the Hubert class field of K, so that M is the maximal abelian extension of K that is unramified everywhere. Since L/K+ is unramified at finite primes and since K/K+ is ramified at all of the infinite primes, K-L is an unramified extension of K. It is also clearly abelian, so it is contained in M. shows that the latter sequence is exact, which is what we want. In order to show that TV gives an isomorphism between Dns and Cns, we must show that for every p in Xns there is exactly one q in Yns lying over it, and that the degree of k(q) over k(p) is odd. To accomplish this, we will show first that there is exactly one prime q of S+ lying over p, second that A:(q) = k(p), and third that q is inert in S/S+ .
Let p be an element of A"ns and let F.+ be the localization of R+ at p. Then R+ is of finite index in S+ ®R+ A*+ , and since R+ is a discrete valuation ring we must have S+ ®r+ R+ = R+ . Thus, S+ has exactly one prime q lying over p, and since S+ = /{p , the residue fields of q and p are equal.
Let q' be any prime of S lying over q. Then q' n R -p' is the prime of R lying over p, and the residue fields of these various primes satisfy k(q') D k(p') d k(p) = k(q). Since p is inert in R/R+ , the second containment is strict, and q must be inert in S/S+ . D (10.6) Remark. It will be useful in our examples to have a description of the vector space Ds other than its definition. We will give such an alternate description by giving a characterization of the primes in the set Y \ Yns. Suppose q is a prime of S+ that is in Y , and let p be the prime qn R+ of R+ . To say that q is not in Fns means exactly that p is not in Xm, and this means that either p is not in X or p is in X but is singular. In the first case, p is not inert in R/R+ , and the fact that q is inert in S/S+ implies that p lies under a singular prime of R. In the second case, every prime of R lying over p is singular. Conversely, if p lies under a singular prime of R then either p is not inert in R/R+ or p is in X \ Xns. Thus, the set Y \ Yns consists of those primes of S+ that are inert in S/S+ and whose restrictions to A*+ lie under singular primes of R .
We can use Propositions 10.5 and 10.1, along with the trivial observation that (YlRi) = ®&(Ri), to compute 38(W) for isogeny classes W of Deligne modules. Suppose ^ is an isogeny class of Deligne modules, write 'W = Yljfzj fê*' as a product of powers of distinct simple isogeny classes, and let notation be as in Notation 5.3, so that K is isomorphic to the product of the fields Kj, the ring cf is isomorphic to the product of the cf), and R is isomorphic to a subring of the product of the Rj. There are two ways to proceed. One way is to calculate 38 (cf) as the direct sum of the 38(<fj), which we can compute from Proposition 10.1, and then to use Proposition 10.5 applied to the inclusion R c <9 to calculate 38(R). Our other option is to calculate the 38(Rj) from Proposition 10.5 applied to the inclusions R¡ c cf¡, and then to use the same proposition on the inclusion R c Ylj€J Rj to find 38 (R).
We end this section by demonstrating the use of Proposition 10.5 in two examples. In both examples we maintain the notation used in Proposition 10.5 and in the discussion preceding it.
(10.7) Example: Ordinary elliptic curves. Let W be an isogeny class of ordinary elliptic curves over a finite field, let R = R<% , let K = K<g , and let cf = cfK . We will apply Proposition 10.5 with S = cf. The CM-field K is an imaginary quadratic extension of Q, and from Corollary 10.3 we see that 38 (cf) = 0. The ring R is an order in K, and R+ = Z. Every prime of Z is regular, so X \ Xas is empty and Cs = 0. From Proposition 10.5, we see that 38(R) = 0.
(10.8) Example. Let p = 197 and let / be the polynomial X4 + X3 + X2 + pX+p2 . One can check that / is an ordinary Weil ^-polynomial; for instance, see [16] . Let K = Q[X]/(f) and let n be the image of X in K, so that K = K<% for the isogeny class fë of Deligne modules associated to /, and AV = Z[n ,ñ]. Let cf = cfK . We will apply Proposition 10.5 with S = c?.
The minimal polynomial g of n+ñ is X2+X+(l-2p) and the discriminant of g is 1573 = 112 • 13, so K+ s Q(y/\3). The narrow class number of K+ is one, so K/K+ must be ramified at some finite prime. Proposition 10.1 tells us that 38(cf)^0.
The discriminant A^+ of R+ , which is the discriminant of the polynomial g, differs from the discriminant A&+ of cf+ by the factor 112, so the singular primes of R+ lie over 11. In fact R+ has exactly one prime p over 11, the prime p is singular, and the residue field of p is Fn . Since / factors modulo 11 as the square of the irreducible polynomial Z2 + 6Z-1 (mod 11), the prime p is inert in R/R+ . Thus, X \ Xns = {p} and CS = F2.
One can check, using Proposition 9.5 for instance, that the norm from K to Q of n -It is 29 • 53 • 101 , so by Proposition 9.4 the discriminant AR of R is 114 • 132 • 29 • 53 • 101 . The quotient of Ar by the discriminant A& of cf is a square, and since A¿? is divisible by A#+ = 132 the quotient AR/A^ must be a divisor of ll4. Thus, all of the singular primes of A* lie over 11, so by Remark 10.6 the set Y \ Yns consists of those primes of cf+ that are inert in tf/cf+ and that lie over 11 . Now, tf+ has one prime q over 11 , with residue field F121 , and because / factors modulo 11 as the square of an irreducible quadratic polynomial, q is not inert in â'/<f+ . Thus, Y \ Yns is empty and Ds = 0. Proposition 10.5 tells us that 38 (R) = F2. This example shows that it is possible for 38(^) to be non-zero when 38((f) is zero.
Calculation of the obstruction element
Our task in this section is to show how one may calculate the element /g> of 38(W) for an isogeny class fê of Deligne modules. Given an isogeny class W, we can write W = Y\jeJ fêV as a product of powers of distinct simple isogeny classes. Using the results of the previous section, we can calculate the group 38'(W), the groups 38(W¡), and the homomorphisms n*:38(Wj) -► 38(W) obtained from the homomorphisms Uj\R<g> -> R<g> defined in Notation 5.3. It follows from Definition 5.4 and the functoriality of 38 that /g» = 2~2ej7ij(I^.), so it will be enough for us in this section to show how one may calculate % for simple isogeny classes W . To start with, we will show how to calculate the element Ik,® of 38(cfK) for a CM-field K with CM-type <D (see Definition 5.2).
Suppose AT is a CM-field and O is a CM-type of K. We define the <I>-norm to be the map N®:K -> C given by N®(x) = Y\^e<S)<p(x). Notice that N®(x)N®(x) = NK/q(x) for all x e K. If p is the non-trivial automorphism of K that fixes K+, we let K* be the subgroup {x e K* : p(x) = ±x} of K* ; the group K* consists of the elements of K* that are either totally real or totally imaginary. Suppose K/K+ is unramified at all finite primes; then by Lemma 10.2 the degree g of K+ over Q is even, and we define a map Xk,®'K* -> Gal Thus, to show that IK,* = Ik ,®' we have only to show that jV<d(x) and N®>(x) have the same sign. In fact, we will show that A^(x) = N®i(x), and that these numbers are in Q. _ We have already noted that N^x)N<p(x) = NK/q(x) , and since g is even we have N®(x) £ R, so that NK/q(x) = (N®(x))2. Also, the ideal (NK/q(x)) is equal to the norm from K to Q of the ideal (x) of K, and since (x) is the lift to K of an ideal a of K+ , we have that (NK/q(x)) = (Nk+/q(cí))2 is a square of an ideal of Q. Hence, N<j,(x) e Q. Now, Gal(Q/Q) acts transitively on the p-adic valuations of Q, so there is a a e Gal(Q/Q) such that v' -va. From this we see that <X>' = <7~'0, from which we deduce that N<p(x) -a~](N<t,(x)). Since N®(x) e Q, we have Nv(x) = N*(x). O
We have already noted that for our simple isogeny class W of Deligne modules we have % = í*(Ik,®) , where i:R->cf is the inclusion map and notation is as above. Our next proposition tells us when i* is the zero map.
(11.3) Proposition. Let ^ be a simple isogeny class of g-dimensional Deligne modules and let notation be as above. If K/K+ is ramified at a finite prime, or if there is a prime q of K+ that divides (F -V) and that is inert in K/K+ , then i* is the zero map and Ig = 0. Otherwise, g is even, i* is not the zero map, and I<g = 0 if and only if N^(F -V) > 0.
Proof. If A"/A^+ is ramified at a finite prime, then from Proposition 10.1 we know that 38(cf) = 0, so that i* must be the zero map. So assume that K/K+ is unramified at every finite prime. In this case 38(cf) = Z/2Z, and by Lemma 10.2 the dimension g is even. We will show that the map i* is the zero map if and only if there is a q of K+ that divides F -V and that is inert in A"/A"+ .
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Let z be the non-zero element of 33 (cf), and adopt the notation preceding Proposition 10.5, with S -cf. Suppose i*(z) = 0. Then by Proposition 10.5 there must be a y e Z)s that maps to z in 38 (cf) and that maps to 0 in Cs. Since the basis elements >>q of Z)s all map to z in 38 (cf), and since each yq maps either to 0 or to one of the basis elements xp in Cs, we see that at least one of the basis elements yq of Ds maps to 0 in Cs. Choose one such yq and let q' be the prime of cf lying over the prime q of cf+ . Since q is inert in K/K+ , complex conjugation on A" induces a non-trivial automorphism of the residue field k(q') that fixes k(q). We want to show that this q divides F -V ; to do this, it will be enough to show that the image of F in k(q') is contained in k(q), for then the image of V = F in k(q') will equal that of F , which means that q|(F -V).
Let p = qPÄ+ and let p' = q'flfi . As we noted just before Proposition 10.5, for yq to map to 0 in Cs, either the degree of k(q) over k(p) is even or else k(p') = k(p). In either case, we see that the degree of k(q') over k(p') is even, which means that k(p') is contained in k(q). Since the image of F in k(q') lies inside k(p') -R/p', the image of F is contained in k(q), so q|(F -V).
On the other hand, suppose there is a q of K+ that divides F -V and that is inert in K/K+ . Let q' be the prime of cf lying over q , let p = q n R+ , and let p' = q' n R. We see that k(p') c k(q), which tells us that the element yq of D maps to 0 in C. Since yq maps to z in 38(cf), we have i*(z) = 0 by Proposition 10.4, and i* is the zero map.
Thus the map V is non-zero if and only if K/K+ is unramified at all finite primes and all the prime ideals of K+ that divide F -V split in K . Suppose i* is non-zero; then i* is injective, so I<g -0 if and only if Ik,® = 0. To check the latter condition we evaluate Xk,® on the totally imaginary element Proof. We already noted in the proof of Proposition 11.2 that when K/K+ is unramified at finite primes the O-norm N®(x) of a totally imaginary x in K is a rational number whose square is NK/q(x) . Applying this to x = F -V shows that N®(F -V) satisfies condition (a). We will only sketch a proof of the fact that Ar<j)(F -V) satisfies ( We will illustrate the use of Corollary 11.4 and Proposition 11.5 in §13.
Isogeny classes of two-dimensional ordinary abelian varieties
In this section we will use the results of the previous sections to determine the Weil polynomials of the isogeny classes of two-dimensional ordinary abelian varieties over a finite field that do not contain a principally polarized variety. Our results and methods should be compared with those of [1, §5.4] .
Let A: be a field with q elements. From Proposition 3.4 we know that the Weil polynomial of a two-dimensional ordinary abelian variety over k is of the form X4 + aX3 -bX2 + aqX + q2, where b is coprime to q . We will prove Theorem 1.3 of the Introduction, which gives necessary and sufficient conditions for such a polynomial to correspond to an isogeny class of abelian varieties not containing a principally polarized variety. We restate Theorem 1.3 here for convenience.
(1.3) Theorem. Let q be a power of a prime p , let k be a field with q elements, let a and b be integers, and let h = X4 + aX3 -bX2 + aqX + ¿72.
Then h = hg for an isogeny class W of two dimensional ordinary abelian varieties over k that does not contain a principally polarized variety if and only if q -a2 + b and b is a positive integer, coprime to q , all of whose prime divisors are 1 modulo 3.
Proof. Suppose & is an isogeny class of two-dimensional ordinary abelian varieties not containing a principally polarized variety. Then W must be simple, for otherwise it would contain a product of two elliptic curves, and elliptic curves are principally polarized. Let F = F<$ , let V -V<g, let R = R<g , let K -K<g , and let cf = cf'k . Let <X> be the CM-type of K obtained from the embedding e: W <-► C we chose in §5. Since W is simple we can apply Corollary 11.4, and we see that K/K+ is unramified at all finite primes, that no primes of cf+ that are inert in A"/A:+ divide (F -V), and that N®(F -V)<0.
(12A) Lemma. Let notation and assumptions be as above. The field K is a Galois extension of Q, with Galois group G = V¡,.
Proof. Let n and n' be the two roots of /zg> in C that have positive imaginary parts. Then the four roots of h<% in C are n , û -q/n , n', and n' = q/n.
Let N = Q(n, n'). and N®(F -V) have the same sign, and we already know that N$(F -V) < 0. This contradiction shows that n and It' are coprime in cfN.
Since n\q = n'n' and since n and n' are coprime, we have 7r|7r', and since n and n' have the same norm, the ideals (n) and (n1) of cfv are equal. Let H be the subgroup of Gal(AVQ) defined by H = {a \ (an) = (n)}. Then H properly contains Gal(N/Q(n)) but H does not contain complex conjugation, so Q(n) contains a quadratic subfield that is different from Q(7c)+ . This shows that Q(n) is a Galois extension of Q with group V4 , and since K = Q(n) we are done. □ Let p be the non-identity element of the Galois group G of K/Q that fixes K+. Let a be the non-identity element of the subgroup H of G defined in the proof of Lemma 12.1, so that (F) = (<jF) , and let L be the fixed field of {1, a). Finally, let M be the fixed field of {1, ap}, so that K+ , L, and M are the three quadratic subfields of K, and L and M are imaginary.
Let Ai eZ and Am € Z be the discriminants of the fields L and M, respectively. We have L -Q(\fAl) and M = Q(\/ÄÄf)-Since A"/A^+ is unramified at finite primes, we have (AE, AM) = 1 .
Since W contains no principally polarized variety we must have Ik,® 4-0> so by Proposition 11.1 we have XK,® = -1 , which means that Xk,®(x) = -1 for every totally imaginary x in K. Take for x the totally imaginary element \/A~^. Now, if tp is one of the elements of our CM-type <I>, then the other element must be (pa, since (aF) = (F). Since a(\/A^¡) = -\fA\¡, we find that N^(^fA^) = -AM > 0. Since Xk,®(\/A~m) = -1 , the Artin symbol ((\fA~M~), K/K+) must be -1 . Taking norms from K+ to Q, we find that ((AM), L/Q) = -1 . In particular, AM ¿ -4, so M ¿ Q(i).
Similarly we find that N^(y/S[) = AL < 0, so that ((AL), M/Q) = 1 .
(12.2) Lemma. Let notation and assumptions be as above. Then Am = -3, and there is a primitive cube root of unity (eM and an integer a of L such that F = Ça.
Proof. Let £ = a(F)/F. Then (£) is the unit ideal of cf and <p(Ç) has magnitude 1 for every embedding <p of K into C, so ¿, is a root of unity. Now there are three possibilities: The first possibility is that c; is an element of L. The second is that £ is an element of M but not of L. This implies that M is a cyclotomic field of degree 2 that is not Q(/) ; that is, M must be Q(C3) • The third possibility is that £ lies neither in L nor in M. In this case, K must be a cyclotomic field with Galois group V4 that is unramified over its maximal real subfield at all finite primes; that is, K must be Q(Cn), and we find that M = Q(Ç^) and L = Q(i). In all three cases, we can find a root of unity Ç 6 M such that co = ÇÇ2 is an element of L. Let a = F/Ç. Then a(a) = coa , and since toei.we have a = a2 (a) -co2a, so co -±1 . Suppose, to get a contradiction, that co --1 . The different VK/l is generated as an cf*-ideal by the set of elements of the form aß -ß , for ß e cfK . Therefore DK/L contains 2a and 2a~ and hence also 2F and 2V. Since F and V are coprime by Lemma 4.12, the different T>k/l also contains 2, so öic/i.|2ffjf • This implies that the different of M/Q divides 2, so that the discriminant Am divides 4. But then we must have Am = -4, which is not the case, as we noted above.
Thus co = 1 and a(a) = a ; that is, a 6 L. Since F = Ça is not in L, it must be that Ç & L. As above, this shows that Am = -3, so that Ç is a root of unity, different from ±1, in Q(C3) • Replacing a by -a and Ç by -£, if necessary, we see that F -Ça is of the form claimed in the statement of the lemma. D
Now that we know that M = Q(Ç), the fact that ((AL), M/Q) = 1 implies that |AL| = 1 mod 3 , so that A¿ = -1 mod 3 .
The next lemma will help us make use of the knowledge that all of the primes of K+ that divide (F -V) split in A"/A"+ . License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
Proof. Since the primes of Q that split in M/Q are the primes that are 1 modulo 3, it will be enough to show that every prime dividing b splits in M/Q. So suppose £ is a prime divisor of b . Then there is a prime p of K+ lying over £ that divides the ideal (F -V). Our assumptions on the isogeny class W imply that p splits in K/K+ ; by Lemma 12.3, this shows that £ / 3 and that either £ splits in M/Q or £ splits in L/Q. If £ splits in M/Q we are done, so assume that £ splits in L/Q. An easy calculation shows that /V<p(F -V) = a2 + aä~ + ä2 , where for convenience we denote p(a) by a . Since £ splits in L/Q, there is a ring homomorphism s:cfE -► Z/£Z. Since £ divides b we have s(a)2+s(a)s(ä~) + s(a)2 -0, and since (F, V) = (a, a) = 1, neither a nor a maps to 0 via s. Thus, ß = s(a)/s(ä~) is a root in Z/£Z of the polynomial X2 + X + 1 . Since £ ^ 3, this shows that £ splits in M, the splitting field of X2 + X + 1 over Q. D Let a be the rational integer Tr¿/Q(a) = a + a. From the equality FV -q we see that aä = q, and it is easy to check that this equality and the fact that b = -(a2 + aa + a2) imply that q = a2 + b. It is also easy to check that the minimal polynomial of F = Ça is X4 + aX3 -bX2 + aqX+ q2 , and since W is ordinary, the middle coefficient -b is coprime to q . This completes the proof of the "only if part of Theorem 1.3. Now we turn to the "if part of the theorem. Suppose h -X4 + aX3 -bX2 + aqX + a2, where q = a2 + b and where a and b are integers such that b is positive and coprime to q , and such that all of the prime divisors of b are 1 modulo 3. Let Ç be a primitive cube root of unity in C, and let a be a root in C of the polynomial / = X2 -aX + q . Let L = Q(a) and M = Q(Ç). The discriminant A of / is equal to a2 -Aq ; from the equality A = -b -3q we see that A is negative and is congruent to 2 modulo 3 , so L is an imaginary quadratic field that is different from M. Let K = Q(a, Ç) and let F = Ça. It is easy to check that F is a Weil ¿/-number with minimal polynomial h . Let be the isogeny class of simple ordinary abelian varieties corresponding to h . Let K+ be the maximal real subfield of the CM-field K . Since A is coprime to 3, the field extension K/K+ is unramified at all finite primes. One can check that the O-norm of F -q/F is equal to -b . Since all the primes dividing b split in M/Q, all the primes of K+ dividing (F -q/F) split in K/K+ . Thus, by Corollary 11.4, the isogeny class W does not contain a principally polarized variety. This completes the proof of Theorem 1.3. D (12.5) Corollary. Let q be a power of a prime number p and let k be a field with q elements. There is a bijection between the set of isogeny classes of twodimensional ordinary abelian varieties over k that do not contain principally polarized varieties and the set of pairs of integers (a, b) such that q = a2 + b and b is a positive integer, coprime to q, all of whose prime divisors are 1 modulo 3.
Proof. Immediate from Theorem 1.3. D (12.6) Corollary. Suppose A is a two-dimensional ordinary abelian variety over a finite field k that is not isogenous to a principally polarized variety. Then over the cubic extension of k the variety A becomes isogenous to a product of an elliptic curve with itself.
Proof. We saw in the proof of Theorem 1.3 that the Weil number of the isogeny class of such an A is of the form n = Ça, where a is quadratic over Q and Ç is a cube root of unity. The Weil polynomial of this isogeny class over the cubic extension of k is the characteristic polynomial of n3 = a3, which is the square of the minimal polynomial of a3. This factorization of the Weil polynomial corresponds to the factorization of the isogeny class of A over the cubic extension of the base field into the product of an isogeny class of elliptic curves with itself. D (12.7) Corollary. Suppose that q is a power of 3 or that q -r2 for a prime power r that is 2 modulo 3. Let k be a field with q elements. Then every isogeny class of two-dimensional ordinary abelian varieties over k contains a principally polarized variety.
Proof. If ¿7 is a power of 3 then it is not possible to write q as a2 + b where b is 1 modulo 3 ; to see this, simply look at a2 + b modulo 3. Thus, by Theorem 1.3 every isogeny class of two-dimensional ordinary abelian varieties over k contains a principally polarized variety. Suppose q = r2 for some r that is 2 modulo 3. Let a be any integer such that q -a2 is positive. Then r -a and r + a are both positive divisors of q -a2, and at least one of these numbers is not 1 modulo 3 . Hence q -a2 has prime divisors that are not 1 modulo 3. Again by Theorem 1.3, every isogeny class of two-dimensional ordinary abelian varieties over k contains a principally polarized variety. D
Applications and examples
We saw in Theorem 1.3 that most isogeny classes of simple two-dimensional ordinary abelian varieties over a finite field k contain a principally polarized variety. By combining this information with a theorem of Weil, as interpreted by Oort and Ueno, we obtain the following theorem, which can be viewed as an extension of [16, Theorem 1.2, p. 32].
(13.1) Definition (see [14] ). A good curve over a field k is a reduced but possibly reducible curve C over k that is stable (in the sense of [4, Definition 1.1]) and whose Jacobian Pic°(C) is an abelian variety. Equivalently, a good curve over k is a curve C over k such that the curve Cj over the algebraic closure k of k satisfies the following conditions: The genus of a good curve is the sum of the genera of its components.
(13.2) Remark. The characterization of good curves in [14] is incorrect.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use (13.3) Theorem. Let k be a field with q elementsandlet W be an isogeny class of two-dimensional ordinary abelian varieties over k . Let h = X4 + aX3-bX2 + aqX + q2 be the Weil polynomial for fê, so that b is coprime to q. Then W contains the generalized Jacobian of a good curve C over k of genus two if and only if either q ^ a2 + b or b < 0 or b has a prime divisor that is not 1 modulo 3.
Proof. Suppose that either q ^ a2 + b or b < 0 or b has a prime divisor that is not 1 modulo 3. Then from Theorem 1.3 we know that W contains a principally polarized variety A. Let A be a principal polarization of A. Then there is a good curve C over k of genus two whose canonically polarized generalized Jacobian is isomorphic to (A-¡¿, kj) Let a be the gth-powering automorphism of k/k.
Since A and A are defined over k , there is an isomorphism y/: (A-¡¿, k-¿f = (A-¡¿, kj). Because C is either a hyperelliptic curve or two elliptic curves joined together at a point, Torelli's theorem says that there is an isomorphism <p:C->Ca that gives rise to the isomorphism y/ . Since the Galois group G of k/k is freely generated as a profinite group by a, the isomorphism cp gives us an action of G on C. By Weil descent, this action of G defines a curve D over k such that Dj with its natural (/-action is isomorphic to C with the G-action we just defined. Let (B, ß) be the canonically polarized Jacobian of D ; then Torelli's theorem shows that there is a G-equivariant isomorphism from (B-^, ß-^) to (Aj, A^-). Thus (B, ß) = (A , A), and A is isomorphic to the Jacobian of D.
On the other hand, if q = a2 + b and b is a positive number all of whose prime factors are 1 modulo 3, then by Theorem 1.3 there is no principally polarized variety in &, so in particular there is no Jacobian in W. O
We saw in Corollary 12.6 that if A is a two-dimensional ordinary abelian variety over a finite field k and if A is not isogenous to a principally polarized variety, then over the cubic extension £ of k the variety Axk£ is isogenous to a product of an elliptic curve with itself; in particular, this means that A is not absolutely simple. The obvious question is whether there exists an absolutely simple abelian variety over a finite field k that is not isogenous to a principally polarized variety. The following examples show that such varieties do exist. prime of K+ dividing the ideal (n -It) splits in K.
Finally, we notice that the middle coefficient 4205 of h is congruent to -5-61 modulo p , so that Proposition 11.5 tells us that the <P-norm of n -ñ is negative. By Corollary 11.4, the isogeny class W of ordinary abelian varieties corresponding to h does not contain a principally polarized variety.
Let £ be a field extension of k of degree n. The isogeny class We of ordinary abelian varieties over £ that contains the lifts to £ of the varieties in W corresponds to the Weil number n". The same argument that showed that n is not contained in a proper subfield of K shows that n" does not lie in a proper subfield of K . This means that the characteristic polynomial of nn is irreducible, so that % is a simple isogeny class. Thus ^ is an absolutely simple isogeny class of four-dimensional ordinary abelian varieties over F4i that does not contain a principally polarized variety.
(13.5) Example. Let Ç = Ç24 be a primitive 24th root of unity, and let K = Q(Ç). Again we find that A"/A^+ is unramified at all finite primes. The prime p = 73 of Q splits completely in K, and one of the primes of A" lying over it is generated by a = Çs + Ç3 -1 . Let n = Ç6 • Q:(1)+(5)+(7)+(i3) ( where again the exponents in parentheses are viewed as elements of Gal(AT/Q) -(Z/24Z)*. Then nñ = 73, and the minimal polynomial of n is h = X* -16X7 + 64X6 + 776X5 -13289X4 + 56648A"3 + 341056X2 -6224272A" + 28398241 ; since p does not divide 13289, the polynomial h is an ordinary Weil polynomial. One can check that NK/Q(n -ñ) = 194481 = 34 • 74 , that every prime of K+ lying over 3 or 7 splits in K/K+ , and that the middle coefficient of h is congruent to -32-72 modulo p . Then Corollary 11.4 and Proposition 11.5 tell us that the isogeny class W of ordinary abelian varieties over F73 corresponding to h does not contain a principally polarized variety. As in the previous example, W consists of absolutely simple varieties.
In each of the two previous examples we found an isogeny class W of abelian varieties over a finite field k that does not contain a principally polarized variety. However, for each of these examples there is another isogeny class 2 of abelian varieties over k that does contain a principally polarized variety and such that the isogeny classes ^ and S^ over the algebraic closure k of k are equal. The following example shows that it is possible to find an isogeny class £? such that no such 3s exists. One can check that the decomposition group of 2 in A"/Q is {I, a, p, ap} , that the decomposition group of 3 is {1, t} , and that the decomposition group of 67 is {1} . Since none of these groups contains axp, every prime of K+ dividing (n-n) splits in K/K+ . Finally, one notes that the middle coefficient of h is congruent to -28 • 32 • 67 modulo 617 , so the isogeny class W of ordinary abelian varieties over k = F¿n corresponding to h contains no principally polarized varieties. Also, if is absolutely simple, because the ideal (n) is fixed by no non-trivial subgroup of the Galois group of K/Q. Suppose 7i ' e K' is a Weil number corresponding to an isogenyclass 3 of ordinary abelian varieties over k that becomes equal to £f over k . Then the same statement is true over some finite extension £ of k , say of degree n . Then we must have Q(7r") = Q(n'"), with the isomorphism taking nn to n'n . Since W is absolutely simple we have A^ = Q(nn), so we have K = Q(nn) = Q(n'n) c K'. Since K' and K both have degree four over Q, we can take K' = K and we can think of n' as an element of K. Consider the element e = n/n' of K . The element e is a unit of the ring of integers of A" because 7t and 7t' generate the same ideal of K , since they have equal «th powers. Also, since tp(n) and ¡p(n') have absolute value px¡2 for every embedding cp of K into C, the unit e must have absolute value 1 under every such embedding. Thus £ is a root of unity. Now, the only roots of unity in K are 1 and -1, so either n' = n or n' --n. In either case, one can check from the minimal polynomial of n' that the isogeny class 31 also contains no principally polarized varieties.
Let k be a finite field with q elements. Suppose 3 is an isogeny class of two-dimensional ordinary abelian varieties over k, and suppose % is an isogeny class of ordinary elliptic curves over k . Let W = 3 x <f. We will investigate circumstances under which the obstruction element % is non-zero. One can show, using Remark 9.3 for example, that h+ = X2 + aX -(b + 2q) and that g+ = X -t, so the resultant of g+ and h+ is t2 + at -(b + 2q). Suppose, for example, we take p -q = 17, a = 2, 6=13, and t = 6. Then Theorem 1.3 tells us that A is a Weil polynomial and that Ig ^ 0. The resultant of g+ and h+ is 1, so % ^ 0.
(13.8) Example. Let p = q = 17 and let h = X4 + 2X3 -13X2 + 34X + 289 be as in the previous example, so that h corresponds to an isogeny class 3 of two-dimensional ordinary abelian varieties with Ig ^ 0. We will find an isogeny class I?' of elliptic curves over Fp such that Ig-^g, = 0.
Let K = Kg, and let cf = cfK . The methods used in the proof of Theorem 1.3 show that A" = Q(\/^3, \/--T), so that K+ = Q(v/3). The prime 2 ramifies in cf+ , say 2cf+ = t2 for some ideal t of cf+ . The prime t remains inert in cf, so the image of cf+/t in 38(cf) is non-zero, and its image in 38 (Rg) is Ig. Let p =s R^ nt. The prime p has residue field F2 (because t does), and since h factors modulo 2 as (X2 + X + l)2 , the prime p is inert in Rg/R^.
Let g = X2 -X + 17. There is an isogeny class < §" of ordinary elliptic curves with g = hg,. Since g is irreducible modulo 2, the prime q = (2) of Rg, -Z is inert in Rg, .
Let ^ be the isogeny class of three-dimensional ordinary abelian varieties over Fp corresponding to the Weil polynomial hg. Because h g factors modulo 2 as (X2 + X + l)3, the ring R<g has exactly one prime r/ lying over 2, corresponding to the homomorphism Reg -► F4 that sends F<# to a e F4, where a2 + a + 1 = 0. The image of R'g = Z\F% + V<g\ under reduction modulo r/ is equal to F2, because F<# + Vg lands on the trace of a, which is 1. Thus, Rg has one prime r over 2, and t is inert in R^/Rlg . The prime t is singular, since it contains the two minimal ideals of Rw that lie under A¿ x 0 and 0 x R+, . Now apply Proposition 10.5 with R = R%> and S = Rg¡ x Rg,. The primes p' = p x Rg, and q' = R^ x q of S+ both lie over r, so in the notation of Proposition 10.5, both yp> and yy map to the element xr of Cs. Thus yp> and yq> have the same image in 38(R), so the elements (Ig, 0) and (0, Ig>) of 38(S) have the same image in 38(R). Now Ig, -0 by Example 10.7, so both Ig and Ig, map to 0 in 38(R). By definition 1% is the sum of the images of Ig and Ig, in 38(R), so I<g = 0. This shows that W contains a principally polarized variety, even though 3 does not.
To summarize: In the previous two examples we have found isogeny classes W and I?' of elliptic curves and an isogeny class 3 of two-dimensional varieties with Ig = Ig, = 0 and with Ig / 0, and such that Igxg # 0 and Igy_g, = 0. These examples show that the obstruction element of an isogeny class really does depend not just on the obstruction elements of its factors but also on how the factors interact with one another.
